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A HIGHER FROBENIUS-SCHUR INDICATOR
FORMULA FOR GROUP-THEORETICAL FUSION
CATEGORIES
PETER SCHAUENBURG
Abstract. Group-theoretical fusion categories are defined by data
concerning finite groups and their cohomology: A finite group G
endowed with a three-cocycle ω, and a subgroup H ⊂ G endowed
with a two-cochain whose coboundary is the restriction of ω.
The objects of the category are G-graded vector spaces with
suitably twisted H-actions; the associativity of tensor products
is controlled by ω. Simple objects are parametrized in terms of
projective representations of finite groups, namely of the stabilizers
in H of right H-cosets in G, with respect to two-cocycles defined
by the initial data.
We derive and study general formulas that express the higher
Frobenius-Schur indicators of simple objects in a group-theoretical
fusion category in terms of the group-theoretical and cohomological
data defining the category and describing its simples.
1. Introduction
A group-theoretical fusion category C(G,H, ω, ψ) is defined in terms
of a finite group G, a subgroup H , a C×-valued three-cocycle ω on G,
and a two-cochain ψ on H whose coboundary is the restriction of ω
to H . The category C(G,H, ω, ψ) can be viewed as the category of bi-
modules in the category VectωG over the twisted group algebra Cψ[H ],
where VectωG is the category of G-graded vector spaces with associa-
tivity isomosphism given by the cocycle ω. Group-theoretical fusion
categories are a rather accessible class of fusion categories, introduced
and studied by Ostrik [18], and given their name in the paper [3], which
we also use as a general reference for the theory of fusion categories.
As group-theoretical fusion categories are sometimes considered as the
somewhat trivial case in the classification program for general fusion
categories, it almost seems in order to recall that they form a large
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class with objects of rich and varied structure. They include Drin-
feld doubles of finite groups, the twisted doubles of [2], and in fact
so many examples of (module categories of) semisimple Hopf algebras
that the question whether all semisimple complex Hopf algebras might
be group-theoretical was open for some years before being answered
negatively in [17].
Higher Frobenius-Schur indicators are invariants of an object in a
pivotal fusion category (and hence also invariants of that category).
They generalize, to higher degrees and more general objects, the degree
two Frobenius-Schur indicator defined for a representation of a finite
group by its namesakes in 1906. Categorical versions of degree two
indicators were studied by Bantay [1] and Fuchs-Ganchev-Szlachányi-
Vecsernyés [4], indicators for modules over semisimple Hopf algebras
were introduced by Linchenko-Montgomery [8] and studied in depth by
Kashina-Sommerhäuser-Zhu [7]. The degree two indicators for modules
over semisimple quasi-Hopf algebras were treated by Mason-Ng [10].
Higher indicators for pivotal fusion categories were introduced in [13,
15, 14].
Higher Frobenius-Schur indicators are a useful invariant in the theory
of fusion categories and (quasi)Hopf algebras, but they are not usually
easy to calculate in specific examples. In [19] we have established a
general formula for the higher Frobenius-Schur indicators of simple ob-
jects in the fusion categories C(G,H, 1, 1), that is, for the case of fusion
categories “without cocycles”. We refer to the literature cited there for
the many predecessors and models for such a formula studied for spe-
cial cases. The main result of the present paper continues the work in
[19] by establishing a general formula valid for the simple objects in a
general group-theoretical fusion category. The formula in [19] contains
a previously studied formula for the indicators in the Drinfeld center
of a finite group as a special case, and similarly the general formula
obtained in the present paper contains a (seemingly new) formula for
twisted Drinfeld centers.
Simple objects of the fusion category C(G,H, 1, 1) are described by
irreducible characters of the stabilizers of the right cosets of H in G
under the action of H on these cosets. The indicator formula in [19]
expresses the higher indicators in terms of these irreducible characters,
and the combinatorics of the subgroups and cosets involved. Simple
objects of the general fusion category C(G,H, ω, ψ) are described by
irreducible projective characters of the same stabilizer subgroups, with
respect to a cocycle determined by the cohomological data ω and ψ.
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The new indicator formulas duly replace characters by projective char-
acters, but certain additional correction terms involving the cohomo-
logical data arise; they can roughly be attributed to the fact that in
a projective representation the action of a power of a group element
differs from the corresponding power of the action of the group element.
To obtain the indicator formulas we use the generalization obtained
in [14] of the “third formula” of [7]: The indicators of an object M
in a pivotal fusion category C can be computed as the trace of the
powers of the ribbon structure on K(M), where K : C → Z(C) is the
adjoint to the underlying functor from the Drinfeld center of C. This is
particularly feasible for group-theoretical categories since the Drinfeld
center of the bimodule category over an algebra in a monoidal cate-
gory is often insensitive to the algebra and only “sees” the underlying
category [23]. This is true in particular in the case of C(G,H, ω, ψ),
which is a bimodule category in VectωG; thus its Drinfeld center is the
center of VectωG, i.e. the module category of a Drinfeld double. This can
be expressed as saying that a group-theoretical category C(G,H, ω, ψ is
Morita equivalent to VectωG (see the survey [16] for the notion of Morita
equivalence).
This general approach was already taken in [19]; the main difficulty
in extending the results to general group-theoretical categories lies,
naturally, in dealing with cohomological data and conditions, and pro-
jective characters. Instead of trying to generalize the description of the
adjoint functors in [19] by restriction, induction, and twisting of the
group characters that describe the simple objects both of the group-
theoretical category and its center, we use a rather different technique
to hide cohomological complications rather painlessly behind categori-
cal machinery. All the categories we deal with can be expressed as cate-
gories of modules, over an algebra in a monoidal category A, say, where
the modules are taken to live in a different category, say B, on which
A acts. Under this translation, the forgetful functor from the Drinfeld
center to the group-theoretical category splits in two rather natural-
looking steps (restricting a module structure to a smaller algebra, and
coarsening a grading), and its adjoint can be described similarly. A key
trick we use along the way is a significant simplification due to Natale
[12] of the cohomological data defining a group-theoretical fusion cate-
gory. She shows that any group-theoretical fusion category is equivalent
to one of the form C(G,H, ω, 1) such that not only ω|H×H×H = 1 (as
follows from ψ = 1), but already ωG×G×H = 1 (and further conditions
that we do not need). Thus every group-theoretical fusion category
falls in the (therefore larger) class of categories studied in [20], and the
quasi-Hopf algebras explicitly representing these categories constructed
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in [20] are used in [12] to find formulas for degree two Frobenius-Schur
indicators. In the present paper, Natale’s simplification is essential to
bring the Frobenius-Schur indicator computations within the author’s
reach.
The paper’s organization is as follows: In section 2 we recall categor-
ical terminology and some results on the group-theoretical categories
we study. Moreover, we show how to rewrite the relevant categories as
module categories in a suitable sense, provided we are dealing with an
“adapted” cocycle as provided by Natale. In section 3 we describe in
detail the pair of adjoint functors between a group-theoretical category
constructed from an adapted cocycle and its Drinfeld center. In sec-
tion 4 we prove the indicator formula for group-theoretical categories
defined by an adapted cocycle. Section 5 discusses how to remove
the condition that the cocycle be adapted, which is necessary to deal
with twisted Drinfeld doubles in section 6, since the Drinfeld center
of a pointed category VectωG is, in a natural way, a group-theoretical
category whose cocycle is not adapted.
2. Preliminaries
We denote the adjoint action of a group G on itself by x⊲g = xgx−1.
For a subgroup H ⊂ G we call gH a right coset.
Cohomology groups of a group G are with coefficients in the trivial
G-module C×. We apologize for admitting the notation H2(H,C×).
Cochains are always normalized. The coboundary of α ∈ Cn(G,C×)
is defined by (dα)(g, h, . . . ) = α(h, . . . )α−1(gh, . . . ) . . . . Ordinary and
projective representations and their characters are over the field C; we
refer to [6] for projective representation theory.
2.1. Categorical terminology. The notions of C-category (a.k.a. C-
module category, or C-actegory), C-bicategory, and structure preserving
functor between such categories, are a well-established tool in the study
of tensor categories. If we repeat some of these notions in this section,
it is only to establish conventions (like the direction of associativity
arrows).
The associativity constraint of a monoidal category C is φ : X⊗(Y ⊗
Z)→ (X ⊗ Y )⊗ Z. A left C-category is a category M equipped with
a functor ⋄ : C × D → D and a natural isomorphism ψ : X ⋄ Y ⋄ V →
(X ⊗ Y ) ⋄ V coherent with the associativity constraint of C. We will
make free use of the notion of module in D over an algebra A in C. If
we need to emphasize the C-category structure used in the definition
of a module, we will sometimes write A⋄D for the module category,
otherwise just AD. If D, E are C-categories, a lax C-functor is a functor
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F : D → E equipped with a natural transformation ξ : X ⋄ F(V ) →
F(X ⋄V ) coherent with the associativity constraints for the respective
C-actions. It is a C-functor if ξ is an isomorphism. If a C-functor F has
a right adjoint G, then G has a canonical structure ξ′ of lax C-functor,
determined by commutativity of the diagram
(2.1) F(X ⋄ G(V ))
ξ−1 //
F(ξ)

X ⋄ FG(V )
ε

FG(X ⋄ V )
ε // X ⋄ V
.
If A is an algebra in C, then a lax C-functor F : D → E induces a
functor AF : D → E . If F is a C-functor and has a right adjoint G,
then the functor AG is right adjoint to AF .
The left center Z(C) of a monoidal category C has objects (V, c)
where V ∈ C, and c : V ⊗ X → X ⊗ V is a half-braiding. We will
rather need the right center Z(C) whose objects are pairs (V, c) with a
half-braiding c : X ⊗ V → V ⊗X.
2.2. The twisted Drinfeld double of a group. The twisted double
of a finite group G equipped with a three-cocycle ω : G3 → C× was
constructed by Dijkgraaf, Pasquier and Roche [2]. Majid [9] explained
the construction as an example of the center construction for tensor
categories and introduced a sort of twisted Yetter-Drinfeld modules as
a characterization of modules over the twisted double. Without ever
using the quasi-Hopf algebra Dω(G) that is the twisted double, we will
use its module category, the Drinfeld center of graded vector spaces
with twisted associativity. We will give some details to fix conventions
and to replace Majid’s Yetter-Drinfeld modules by modules in a suit-
able C-category, an approach already taken in [21] for the doubles of
more general quasi-Hopf algebras.
We denote by VectG the category of G-graded finite-dimensional vec-
tor spaces, and by VectωG that same category with the monoidal cat-
egory structure given by the usual tensor product of graded vector
spaces with the associativity constraint
φ : U ⊗ (V ⊗W ) ∋ u⊗v⊗w 7→ ω(|u|, |v|, |w|)u⊗v⊗w ∈ (U ⊗V )⊗W ;
here and in the sequel we assume tacitly that the elements u, v, w are
homogeneous, and denote by |u| etc. their degrees in G.
Associated to ω we define the symbols
(2.2) αg(x, y) = ω(x, y, g)ω
−1(x, y ⊲ g, y)ω(xy ⊲ g, x, y)
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for x, y, g ∈ G. (Similar symbols are introduced in [2], and their prop-
erties are well-known; we merely vary sides and other conventions.)
They satisfy the twisted cocycle condition
(2.3) αg(y, z)αg(x, yz) = αz⊲g(x, y)αg(xy, z).
Lemma 2.1. VectG is a left VectG-actegory with respect to the action
⋄ defined by X ⋄ V := X ⊗ V as vector spaces, with grading defined by
|x ⋄ v| = |x| ⊲ |v|, and with associativity
X ⋄ Y ⋄ V → (X ⊗ Y ) ⋄ V(2.4)
x ⋄ y ⋄ v 7→ α|v|(|x|, |y|)(x⊗ y) ⋄ v.(2.5)
A category equivalence C[G]⋄(VectG) → Z(Vect
ω
G) is given by sending
V ∈ C[G]⋄(VectG) to the underlying graded vector space of V equipped
with the half-braiding
(2.6) c : X ⊗ V ∋ x⊗ v 7→ |x| · v ⊗ x,
where the module structure µ : C[G]⋄V → V is given by µ(g⊗v) = g ·v.
The ribbon structure of Z(VectωG) is given by θ(v) = |v|.v for v ∈
V ∈ C[G]⋄(VectG).
Proof. Clearly X ⋄ Y ⋄ V = (X ⊗ Y ) ⋄ V as graded vector spaces. The
coherence of the associator map amounts to the cocycle condition (2.3).
For a vector space V , transformations c : X ⊗ V → V ⊗ X natural
in X ∈ VectG are in bijection with maps µ : C[G]⊗V → V by (2.6). If
V ∈ VectG, then c is G-equivariant iff µ : C[G] ⋄ V → V is equivariant.
The hexagon equation for the half-braiding
X ⊗ (Y ⊗ V )
φ //
X⊗c

(X ⊗ Y )⊗ V
c

X ⊗ (V ⊗ Y )
φ

V ⊗ (X ⊗ Y )
φ

(X ⊗ V )⊗ Y
c⊗Y // (V ⊗X)⊗ Y
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is equivalent to the condition that µ be a C[G]⋄-module structure, since
φV XY cX⊗Y,V φXY V (x⊗ y ⊗ v)
= φV XY cX⊗Y,v(ω(|x|, |y|, |v|)x⊗ y ⊗ v)
= φV XY (ω(|x|, |y|, |v|)|x||y| · v ⊗ x⊗ y)
= ω(|x||y| ⊲ v, |x|, |y|)ω(|x|, |y|, |v|)|x||y| · v ⊗ x⊗ y
(cXV ⊗ Y )φXV Y (X ⊗ cY V )(x⊗ y ⊗ v)
= (cXV ⊗ Y )φXV Y (x⊗ |y| · v ⊗ y)
= (cXV ⊗ Y )(ω(|x|, |y| ⊲ |v|, |y|)x⊗ |y| · v ⊗ y)
= ω(|x|, |y| ⊲ |v|, |y|)|x| · |y| · v ⊗ x⊗ y.

Definition 2.2. For x ∈ G and m ∈ Z we define the invertible scalars
πm(x) recursively by π0(x) = 1 and πm+1(x) = ω(x, x
m, x)πm(x). (Thus
πm−1(x) = πm(x)ω
−1(x, xm−1, x).)
We note that
(2.7) ω(x, xm, x) = αx(x, x
m) = αx(x
m, x).
Lemma 2.3. (1) Let V ∈ C[G]⋄(VectG); denote by ρV (g) the vector
space automorphism of V given by the action of g. Let v ∈ V
and x = |v|. Then ρV (x)
m(v) = πm(x)ρV (x
m)(v).
(2) Let g, x ∈ G. Then
(2.8) πm(x) = πm(g ⊲ x)αx(g ⊲ x
m, g)α−1x (g, x
m).
Proof. The first assertion is well-known in the theory of projective rep-
resentations (noting that the elements of degree x form a projective
representation of 〈x〉 with cocycle αx): We have ρV (x)
0(v) = ρV (x
0)(v),
and ρV (x)
m+1(v) = ρV (x)
m(x.v) = πm(x)x
m.x.v = πm(x)αx(x
m, x)xm+1.v.
For the second assertion we note first that for any x ∈ G there is
V ∈ C[G]⋄(VectG) and v ∈ V with |v| = x. θV = λ idV . Then
g.θmV (v) = g.ρV (x)
m(v)
= πm(x)g.x
m.v
θmV (g.v) = ρV (g ⊲ x)
m(g.v)
= πm(g ⊲ x)(g ⊲ x
m).g.v
= πm(g ⊲ x)αx(g ⊲ x
m, g)(g ⊲ xm)g.v
= πm(g ⊲ x)αx(g ⊲ x
m, g)gxm.v
= πm(g ⊲ x)αx(g ⊲ x
m, g)α−1x (g, x
m)g.xm.v
and θm is a C[G]-module map. 
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2.3. Group-theoretical categories. LetG be a finite group, ω : G3 →
C× a three-cocycle, H ⊂ G a subgroup, and ψ : H2 → C× a two-cochain
such that dψ = ω. Then the twisted group ring Cψ[H ] is an associa-
tive algebra in VectωG, and one can form the category C(G,H, ω, ψ) :=
Cψ[H](Vect
ω
G)Cψ [H] of bimodules in the category Vect
ω
G. Endowed with
the tensor product over Cψ[H ] in the category, this becomes a fusion
category; the categories thus constructed are called group-theoretical
fusion categories [3, 18]. We will refer to the quadruple (G,H, ω, ψ) as
group-theoretical data.
In order to be able to apply the framework in [20], Natale has shown
in [12] that in the definition of a group-theoretical fusion category one
can always choose a three-cocycle whose restriction to H3 is trivial
(rather than just a coboundary), and satisfying even more restrictive
assumptions.
Definition 2.4. Let G be a finite group and H ⊂ G a subgroup. We
will call a three-cocycle ω on G adapted if ω|G×G×H = 1.
Proposition 2.5 (Natale). Let ω be a three-cocycle on the finite group
G and ψ a two-cochain on H ⊂ G such that ω|H3 = dψ. Then there is
an adapted cocycle ω′ cohomologous to ω such that
(2.9) Cψ[H](Vect
ω
G)Cψ [H]
∼= C[H](Vect
ω′
G )C[H]
as fusion categories.
Backed up by Natale’s result, we will now assume that the group-
theoretical category we are dealing with is C[H](Vect
ω
G)C[H] for an adapted
cocycle ω. Non-adapted cocycles will only return in section 5.
Remark 2.6 (cf.[20, 12]). Let H ⊂ G be a subgroup, and ω an adapted
three-cocycle on G.
∀x, y, z ∈ G, h ∈ H : ω(x, y, zh) = ω(x, y, z)(2.10)
∀g, x ∈ G, h ∈ H : αg(x, h) = ω(x, h, g) =: ωg(x, h)(2.11)
∀g, x ∈ G, h, y ∈ H : ωgh(x, y) = ωg(x, y)(2.12)
Remark 2.7. VectωG being a monoidal category, VectG is aVect
ω
G-bicategory.
Since VectH ⊂ Vect
ω
G is a monoidal subcategory thanks to the triviality
of ω|H3, it follows that VectG is a VectH-bicategory. While the right
action of VectH is the canonical one with trivial associator, and the
associator between left and right action is also trivial, all thanks to the
assumption that ω is adapted, the left action, which we will denote by
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⊙, has the modified associativity
X ⊙ Y ⊙ V → (X ⊗ Y )⊙ V(2.13)
x⊙ y ⊙ v 7→ ω|v|(|x|, |y|)(x⊗ y)⊙ v.(2.14)
By construction we have C[H]⊙(VectG)C[H] = C[H](Vect
ω
G)C[H].
Lemma 2.8. The VectH-category structure on Vect
ω
G induces a VectH-
category structure on VectωG/H , which we define to be the category of fi-
nite dimensional vector spaces graded by G/H. We have an equivalence
of VectH-categories
Q : (VectωG)C[H] → (Vect
ω
G/H)
M 7→M/H
inducing a category equivalence
C[H]Q : C[H](Vect
ω
G)C[H] → C[H](Vect
ω
G/H)
3. Some pairs of adjoint functors
We continue to work under the general assumption that we have
group-theoretical data (G,H, ω, 1)with a three-cocycle ω that is adapted
for the subgroup H ⊂ G.
Remark 3.1. The functor F : VectG → VectG/H defined by corestric-
tion of the grading is a strict left VectH-functor from (VectG, ⋄) to
(VectωG/H ,⊙) by (2.11).
Lemma 3.2. There is a monoidal category equivalence
T : C[G]⋄(VectG)→ Z
(
C[H](Vect
ω
G)C[H]
)
making the diagram
C[G]⋄(VectG)
T //
R

Z
(
C[H](Vect
ω
G)C[H]
)
U

C[H]⋄(VectG)
C[H]F

C[H]⊙(Vect
ω
G/H) C[H](Vect
ω
G)C[H]
C[H]Q
oo
commute. Here U is the underlying functor, and R is defined by re-
stricting module structures.
10 PETER SCHAUENBURG
Proof. By [23], the center of the bimodule category C[H](Vect
ω
G)C[H] is
equivalent to the center of VectωG. The equivalence maps V ∈ Z(Vect
ω
G)
to V ⊗ C[H ] with the obvious right C[H ]-module structure, the left
C[H ]-module structure
C[H ]⊗ V ⊗ C[H ]
c⊗C[H]
−−−−→ V ⊗ C[H ]⊗ C[H ]
V⊗∇
−−−→ V ⊗ C[H ],
and some half-braiding that we shall not need. Here it would seem
that, passing from [23], where results are formulated for strict monoidal
categories, to the present concrete situation we have forgotten to put
in parentheses in the triple tensor product, and associativity isomor-
phisms to switch them. However, associativities with the rightmost
factor in VectH are trivial.
Since C[G]⋄(VectG) ∼= Z(Vect
ω
G), we have the desired equivalence, and
its composition with the underlying functor maps V to V ⊗C[H ] with
diagonal grading, obvious right C[H ]-module structure endowed with
the left C[H ]-module structure
h · (v ⊗ h′) = (V ⊗∇)(c(h⊗ v)⊗ h′) = h · v ⊗ hh′.
Thus, QUT (V ) = V with unchanged grading and H-action obtained
from restricting the G-action. 
Proposition 3.3. The right adjoint functor of the functor F : VectG →
VectωG/H defined by coarsening the grading is given by cotensor product:
G : VectωG/H → VectG
V 7→ C[G] 
C[G/H]
V = {
∑
gi ⊗ vi ∈ C[G]⊗ V |gi ∈ |vi|}.
G is a VectH-functor with respect to
ξ : X ⋄ (C[G] 
C[G/H]
V )→ C[G] 
C[G/H]
(X ⊙ V )(3.1)
x⊗ g ⊗ v 7→ |x| ⊲ g ⊗ x⊙ v
The functor C[H]F : C[H](VectG) → C[H](Vect
ω
G/H) has the right adjoint
C[H]F that maps V to C[G] 
C[G/H]
V endowed with the left C[H ]-action
h(g ⊗ v) = h ⊲ g ⊗ hv.
Proof. Gradings being comodule structures, the adjoint G is the well-
known coinduction functor adjoint to corestricting comodule structures
along a coalgebra map.
The counit of adjunction is ε : C[G] 
C[G/H]
V ∋ g ⊗ v 7→ v ∈ V . Since
F is a strict VectH-functor, the adjoint has a unique lax VectH-functor
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structure determined by commutativity of
X ⋄ (C[G] 
C[G/H]
V )
ξ

X ⊙ (C[G] 
C[G/H]
V )
X⊙ε

C[G] 
C[G/H]
(X ⊙ V )
ε // X ⊙ V
Thus, ξ(x⋄g⊗v) = |x|⊲g⊗x⊙v, and clearly ξ is an isomorphism. If V
is a C[H ]-module in (VectG,⊙), then GV is a C[H ]-module in Vect
ω
G/H
by
(3.2)
C[H ] ⋄ (C[G] 
C[G/H]
V )
ξ
−→ C[G] 
C[G/H]
(C[H ]⊙ V )
C[G]⊗µ
−−−−→ C[G] 
C[G/H]
V
giving the claimed formula. 
Corollary 3.4. We have a commutative diagram
C[G]⋄(VectG)
T // Z
(
C[H](Vect
ω
G)C[H]
)
C[H]⊙(Vect
ω
G/H)
L
OO
C[H](Vect
ω
G)C[H]
C[H]Q
oo
K
OO
where K denotes the two-sided adjoint to the underlying functor, and
L : C[H](Vect
ω
G/H)→ C[G]⋄(VectG)
V 7→ C[G] ⋄
C[H]
(C[G] 
C[G/H]
V ).
4. Indicator formulas for adapted cocycles
We continue to work with group-theoretical data (G,H, ω, 1) in which
ω is adapted.
In the sequel, for a vector space V with some (twisted) action of
a group Γ, we denote by ρV (γ) the endomorphism of V defined by
ρV (v) = γ · v. If W is a vector space graded by the set X, and Y ⊂ X,
we let WY be the span of the homogeneous elements ofW with degrees
in Y .
Proposition 4.1. LetM ∈ C[H](Vect
ω
G)C[H] correspond toW = Q(M) ∈
C[H](Vect
ω
G/H). Then the m-th Frobenius-Schur indicator of M is
(4.1) νm(M) =
1
|H|
∑
x∈G
xm∈H
π−m(x) Tr(ρWxH (x
−m))
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Proof. Note first that the formula makes sense: If xm ∈ H , then
xm(xH) = xH , and ρWxH(x
−m) is well-defined.
For g ⊗ x ⊗ w ∈ C[G] ⋄
C[H]
(C[G] 
C[G/H]
W ) with g ∈ G, w ∈ W and
x ∈ |w| we have:
(4.2) θmL(W )(g ⊗ x⊗ v) = πm(x)αx(g, x
m)gxm ⊗ x⊗ v.
In fact this is true for m = 0, and if it is true for m then
θm+1(g ⊗ x⊗ v) = θm((g ⊲ x).(g ⊗ x⊗ v))
= θm(αx(g ⊲ x, g)(g ⊲ x)g ⊗ x⊗ v)
= θm(αx(g, x)gx⊗ x⊗ v)
= πm(x)αx(gx, x
m)αx(g, x)gx
m+1 ⊗ x⊗ v
= πm(x)αx(g, x
m+1)αx(x, x
m)gxm+1 ⊗ x⊗ v
= πm+1αx(g, x
m+1)gxm+1 ⊗ x⊗ v.
If R is a transversal of the right H-cosets in G, then
(4.3) L(W ) =
⊕
g∈R
x∈G
Cg ⊗ Cx⊗WxH .
According to (4.2), the only terms of the sum (4.3) mapped into them-
selves by θm are those where xm ∈ H . But for xm ∈ H we have
(4.4) θmL(W )(g ⊗ x⊗ v) = πm(x)g ⊗ x
m(x⊗ v) = πm(x)g ⊗ x⊗ x
m.v
and thus Tr(θm
K(W )
) = |G/H|
∑
x,xm∈H πm(x) Tr(ρWxH (x)
m). 
Let h ∈ H and w ∈ WxH . Then using (2.8) we have, for x ∈ G with
xm ∈ H :
πm(h ⊲ x)ρWhxH ((h ⊲ x)
m)(h.w)
= πm(h ⊲ x)(h ⊲ x)
m.h.w
= πm(h ⊲ x)ωx(h ⊲ x
m, h)(h ⊲ xm)h.w
= πm(h ⊲ x)ωx(h ⊲ x
m, h)hxm.w
= πm(h ⊲ x)ωx(h ⊲ x
m, h)ω−1x (h, x
m)h.xm.w
= πm(h ⊲ x)αx(h ⊲ x
m, h)α−1x (h, x
m)h.ρWhxH(x
m)
= πm(x)h.ρWhxH (x
m),
so that
(4.5) πm(h ⊲ x) Tr(ρWhxH(h ⊲ x
m)) = πm(x) Tr(ρWxH(x
m)).
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Theorem 4.2. LetM ∈ C[H](Vect
ω
G)C[H] andW = Q(M) ∈ C[H](Vect
ω
G/H).
Assume that the degrees of homogeneous elements of M lie in the dou-
ble coset HgH. Let S = StabH(gH), and let χ be the projective ωg-
character of the projective ωg-Representation WgH of S. Let Rg be a
system of representatives for the orbits of the adjoint action of S on
gH. Then
νm(M) =
1
|S|
∑
r∈gH
rm∈S
π−m(r)χ(r
−m)(4.6)
=
1
|S|
∑
h∈H
(gh)m∈S
π−m(gh)χ((gh)
−m)(4.7)
=
∑
r∈Rg
rm∈S
1
|S ∩ CG(r)|
π−m(r)χ(r
−m).(4.8)
Proof. In the sum (4.1), the only nonzero terms have x ∈ HgH now.
Let T be a transversal of the right cosets of S in H . Then every element
x ∈ HgH has the form t ⊲ r for unique r ∈ gH and t ∈ T. By (4.5) we
obtain (4.6) and (4.7). The third version (4.8) follows since S ∩ CG(r)
is the stabilizer of r under the adjoint action of S on gH . 
5. Indicator formulas for general cocycles
So far, our indicator formulas were derived, and worked, only for
adapted cocycles. We will now write out the form that the formulas
take for an arbitrary three-cocycle on G which is not necessarily trvial,
but only cohomologically so, on H .
We start by repeating a version of Ostrik’s description [18] of the
simple objects in a group-theoretical fusion category in the general
case. Thus, we are now dealing with a group G, subgroup H , and three-
cocycle ω : G3 → C×, and with a normalized two-cochain ψ : H2 → C×
such that ω|H3 = dψ.
Let M be an object of Cψ [H](Vect
ω
G)Cψ [H] such that the degrees of its
nonzero homogeneous elements are in the double coset HgH . Then
M can be equivalently described by a projective representation of
S = StabH(gH) as follows: Let Mg be the homogeneous component of
degree g, and define a left action of S on Mg by
(5.1) s ∗m = (s.m).(g−1 ⊲ s)
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Since
s ∗ t ∗m = (s.((t.m).g−1 ⊲ t)).g−1 ⊲ s
= ω(s, tg, g−1 ⊲ t−1)(s.t.m).g−1 ⊲ t−1.g−1 ⊲ s−1
= ω(s, tg, g−1 ⊲ t−1)ω(s, t, g)ψ(x, y)
ω−1(stg, g−1 ⊲ y−1, g−1 ⊲ x−1)ψ(g−1 ⊲ t−1, g−1 ⊲ s−1)
(st.m).d−1 ⊲ (xy)−1,
we see that Mg is a projective representation of S with respect to the
two-cocycle on S given by
βg(s, t) = ψ(s, t)ψ(g
−1 ⊲ t−1, g−1 ⊲ s−1)ω(s, tg, g−1 ⊲ t−1)
ω(s, t, g)ω−1(stg, g−1 ⊲ t−1, g−1 ⊲ s−1).
(5.2)
If ω = dη and ψ = η|H2 for a two-cochain η on G, then
βg(s, t) = η(s, t)η(g
−1 ⊲ t−1, g−1 ⊲ s−1)η(tg, g−1 ⊲ t−1)
η−1(stg, g−1 ⊲ t−1)η(s, tg(g−1 ⊲ t−1))η−1(s, tg)η(t, g)
η−1(st, g)η(s, tg)η−1(s, t)η−1(g−1 ⊲ t−1, g−1 ⊲ s−1)
η(stg(g−1 ⊲ t−1), g−1 ⊲ s−1)η−1(stg, (g−1 ⊲ t−1)(g−1 ⊲ s−1))
η(stg, g−1 ⊲ t−1)
= η(tg, g−1 ⊲ t−1)η(s, g)η(t, g)η−1(st, g)
η(sg, g−1 ⊲ s−1)η−1(stg, g−1 ⊲ (st)−1)
= (dλ)(s, t)
where λ(s) = η(sg, g−1 ⊲ s−1)η(s, g).
Moreover, for ω = dη, the scalars πm(x) simplify to πm(x) = η(x, x
m)η−1(xm, x):
Clearly this is true for m = 0; if it is true for m, then
πm+1(x) = πm(x)(dη)(x, x
m, x)
= η(x, xm)η−1(xm, x)η(xm, x)η−1(xm+1, x)η(x, xm+1)η−1(x, xm)
= η(x, xm+1)η−1(xm+1, x)
πm−1(x) = πm(x)(dη
−1)(x, xm−1, x)
= η(x, xm)η−1(xm, x)η−1(xm−1, x)η(xm, x)η−1(x, xm)η(x, xm−1)
= η(x, xm−1)η−1(xm−1, x).
If ω = 1 and ψ = dθ for θ : H → C× then we find βg(s, t) = dγ for
γ(s) = θ(s)θ(g−1 ⊲ s−1).
If ω′ = ω(dη) and ψ′ = ψ(η|H2)(dθ) for a two-cochain η on G and
a one-cochain θ on H , then the group-theoretical categories associated
INDICATOR FORMULA FOR GROUP-THEORETICAL CATEGORIES 15
to (G,H, ω, ψ) and (G,H, ω′, ψ′), respectively, are equivalent; the as-
sociated two-cocycles βg and β
′
g are related by β
′
g = βg(dλ)(dγ), and
the scalars πm(x) and π
′
m(x) by π
′
m(x) = η(x, x
m)η−1(xm, x)πm(x). If
χ is a projective character of S = StabH(gH) with cocycle βg, then the
associated projective character corresponding to β ′g is χ
′ = χλγ.
Theorem 5.1. Let M be the simple object of the group-theoretical cat-
egory C(G,H, ω, ψ) associated to the βg-projective character χ of the
stabilizer S = StabH(gH). Let η be a two-cochain on G such that ω(dη)
is adapted, and let θ be a one-cochain on H such that ψ(η|H2)(dθ) = 1.
Then the higher Frobenius-Schur indicators of M are given by
νm(M) =
1
|S|
∑
r∈gH
rm∈S
π˜−m(r)χ(r
−m)(5.3)
=
1
|S|
∑
h∈H
(gh)m∈S
π˜−m(gh)χ((gh)
−m)(5.4)
=
∑
r∈Rg
rm∈S
1
|S ∩ CG(r)|
π˜−m(r)χ(r
−m)(5.5)
where
π˜m(s) = πm(s)η(s, s
m)η−1(sm, s)
η(smg, g−1 ⊲ s−m)η(sm, g)θ(sm)θ(g−1 ⊲ s−m).
(5.6)
Proof. This results from applying Theorem 4.2 to the adapted cocycle
ω(dη), in view of the above calculations. 
Recall (see [11]) that the third cohomology group of the cyclic group
Z/NZ of order N is generated by the cocycle κ defined by
(5.7) κ(j, k, ℓ) = exp
(
2πi
N2
[ℓ] ([j] + [k]− [j + k])
)
,
where [k] ≡ k(N) and [k] ∈ {0, . . . , N − 1}. We note for later use
that for ω = κ we obtain αℓ(j, k) = κ(j, k, ℓ) = (dλk)(j, k), where
λk(j) = exp
(
2πi
N2
[k][j]
)
.
Proposition 5.2. Let (G,H, ω, ψ) be group-theoretical data. Let ω′ =
ωκt, where p : G→ Z/NZ is a group homomorphism with H ⊂ Ker(p),
and κ is inflated from κ along p.
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Then simple objects of C(G,H, ω′, ψ) (associated to the double coset
HgH) are in one-to-one correspondence with simple objects of C(G,H, ω, ψ)
(associated to the same double coset).
Let ζ = exp
(
2πi
N
)
.
If the simple objectM ′ of C(G,H, ω′, ψ) corresponds toM ∈ C(G,H, ω, ψ)
which is associated to the double coset HgH with p(g) = k, then
(5.8) νm(M
′) = κts(p(g), p(g−1), p(g))νm(M) = ζ
−stk2/ gcd(k,N)νm(M)
if m = s ord(p(g)) = sN/ gcd(k,N), and νm(M) = νm(M
′) = 0 if
ord(p(g)) = N/ gcd(k,N) does not divide m.
Proof. It suffices to treat the case t = 1. More than adapted, κ vanishes
whenever one of its arguments is in H (or the kernel of p, for that
matter). This implies that the analog of βg associated to κ would be
trivial, and thus that β ′g = βg.
Let M and M ′ as above correspond to the βg-character χ of S =
StabH(gH). If g ∈ Ker(p), then obviously nothing changes between the
indicator formulas for M and M ′. Let g 6∈ Ker(p) and e = ord(p(g)).
If e ∤ m, then for all x ∈ H we have p((gx)m) = p(g)mp(x)m 6= p(xm),
and thus in particular (gx)m 6= xm. Thus νm(M) = νm(M
′) = 0. Now
let m = es. Let πm be the analog of πm defined for the three-cocycle
κ. Since p(gx) = p(g) and p((gx)k) = p(g)k, we have πm(gx) = πm(g)
independent of x. Now let p(g) = k, so e = N/ gcd(k,N). For any
a ∈ Z we have
e∏
r=1
κ(k, (a+ r)k, k) = exp
2πi
N2
(
k
e∑
r=1
(k + [(a+ r)k]− [(a+ r − 1)k])
)
= exp
2πi
N2
k (ek + [(a+ e)k]− [ak])
= exp
2πi
N2
ek2
= exp
2πi
N
k2
gcd(k,N)
.
Thus, if we denote by π˜′m the analog of π˜m defined for ω
′ instead of ω,
then when m = se, then π˜′m(g) = π˜m(g)ζ
sk2/ gcd(k,N). Finally note that
κ(p(g), p(g)−1, p(g)) = ζk. 
Thanks to the correction terms for “bad” cocycles amassed in the
definition of π˜m, the formulas in Theorem 5.1 may be tedious to apply.
At first sight, this seems to be particularly true since passing from
a cocycle ω whose restriction to H is trivial to an adapted cocycle
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as indicated by Natale is a two-step process with quite an involved
definition of a two cochain η. If we revisit Natale’s formulas, however,
it turns out that we get fairly lucky:
Assume that the three-cocycle ω satisfies ω|H3 = 1. Choose a cross
section Q of the right H-cosets in G. Then, following [12, Prop.4.2]
with switched sides, η1(ph, qh
′) = ω(p, h, h′) defines a cochain on G
such that η1|H×G = 1, and ω0|G×H×H = 1 for ω0 = ω(dη1). In the
next step, define η2(ph, qh
′) = ω0(ph, q, h
′)ω−10 (p, h, q). Then η2|G×H =
1 and η2|H×Q = 1, and ω0(dη2) = ω(dη) for η = η1η2 is adapted.
(The next step taken by Natale is not necessary for our purposes.)
Computing indicator values, we can of course assume that our double
coset representatives are in Q. Thus if sm ∈ StabH(dH) then
π˜m(s) = πm(s)η1(s
md, d−1 ⊲ s−m)
= πm(s)η1(d(d
−1 ⊲ sm), d−1 ⊲ s−m)
= πm(s)ω(d, d
−1 ⊲ sm, d−1 ⊲ s−m).
Thus
Corollary 5.3. Let ω be a three-cocycle on G whose restriction to H
is trivial. Let M be the simple object of the group-theoretical category
C(G,H, ω, 1) associated to the βg-projective character χ of the stabilizer
S = StabH(gH). Then
(5.9) νm(M) =
1
|S|
∑
r∈gH
rm∈S
π−m(r)ω(g, g
−1 ⊲ r−m, g−1 ⊲ rm)χ(r−m).
6. Indicators of twisted doubles
The module category of the twisted double of a finite group is a par-
ticular example of a group-theoretical fusion category. Let G be a finite
group, and ω a three-cocycle on G. Let Γ = G × G and ̟ the three-
cocycle on Γ defined by ̟((x, f), (y, g), (z, h)) = ω(x, y, z)ω−1(f, g, h).
Put H = {(x, x)|x ∈ G}; then ̟|H3 = 1. Ostrik observed [18] that
the module category of the twisted double Dω(G) is equivalent to
C(Γ, H,̟, 1). We’ll identify H with G in the sequel.
We will give an expression for the indicators of Dω(G)-modules using
the formulas for indicators of objects in group-theoretical categories,
in particular C(Γ, H,̟, 1). It remains to bridge the last gap between
the two categories, however, by making the equivalence very explicit.
First, note that an object in C[G]⋄(VectG) decomposes as the direct
sum of subobjects the degrees of whose homogeneous elements lie in
a conjugacy class of G. An object the degree of whose homogeneous
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elements lies in the conjugacy class of g can equivalently be described
by the action of the centralizer CG(g) on its g-homogeneous component.
This in turn is an αg-projective representation of CG(g).
A set of representatives of the double cosets of H in Γ is given by
(g, 1) where g runs through a set of representatives of the conjugacy
classes of G. The stabilizer of (g, 1)H is the centralizer CG(g). Thus
simple objects in C(Γ, H,̟, 1) are described by β(g,1)-projective repre-
sentations of CG(g), where the two-cocycle β(g,1) is defined in terms of
the three-cocycle ̟.
To explicitly pass between the two types of projective representations
we use the structure theorem for Hopf modules over quasi-Hopf algebras
[22], which asserts that we have a monoidal category equivalence
(6.1) C[G]⋄(VectC[G]) ∋ V 7→ V ⊗ C[G] ∈ C[G](Vect
̟
G×G)C[G],
where V⊗C[G] has the Γ-grading |v⊗g| = (|v|g, g), the right action (v⊗
g)x = ω−1(|v|, g, x)v⊗gx and the left action x(v⊗g) = ω(x, |v|, g)ω(x⊲
|v|, x, g)x.v⊗xg. With this, the left action of CG(g) on (V ⊗C[G])(g,1)
is given by
x ∗ (v ⊗ 1) = (x.(v ⊗ 1)).x−1 = ω−1(g, x, x−1)x.v ⊗ 1.
In particular, the β(g,1)-character corresponding to the αg-character
χ is given by χλg with λg(x) = ω
−1(g, x, x−1), and β(g,1) and αg differ
by the boundary of λg.
Theorem 6.1. Let G be a finite group, and ω a three-cocycle on G.
Let the simple object M ∈ C[G]⋄(VectG) correspond to the αg-character
χ of CG(g). Then
(6.2) νm(M) =
1
|CG(g)|
∑
x∈G
(gx)m=xm
πm(gx)
πm(x)
χ(xm).
Proof. We apply Corollary 5.3 to the group Γ and the three-cocycle ̟,
whose restriction to G is in fact trivial.
We note that in general ν−m(V ) = νm(V ) and in a braided cate-
gory indicators are real, which allows us to forget the minus signs on
the degree m of the indicators. The analog of πm((g, 1)(x, x)) for ̟ is
πm(gx)/πm(x), and the ω-factor in Corollary 5.3 disappears thanks to
the passage from αg-projective characters and β(g,1)-projective charac-
ters discussed before the statement of the theorem. 
Proposition 6.2. Let G be a finite group, and ω : G3 → C× a three-
cocycle. Let N ≤ G be a subgroup of index two, and let ω′ be the product
of ω and the inflation of the nontrivial three-cocycle on G/N . Then
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there is a one-to-one correspondence between objects of Z(VectωG) and
Z(Vectω
′
G ). If M ∈ Z(Vect
ω
G) corresponds to M
′ ∈ Z(Vectω
′
G ), both are
associated to the same conjugacy class gG. We have νm(M
′) = νm(M)
unless g 6∈ N and m ≡ 2(4), in which case νm(M
′) = −νm(M).
Proof. Denote the inflated cocycle by κ. If g ∈ N and x ∈ G then
κ(gx, (gx)m, gx) = κ(x, xm, x), so that πm(gx)/πm(x) = π
′
m(gx)/π
′
m(x),
independent of m. Also, α′g(x, y) = αg(x, y) for x, y ∈ CG(g), so that
α′g-representations and αg-representations of CG(g) are the same.
Now let g 6∈ N . Then ifm is even, κ(gx, (gx)m, gx) = 1 = κ(x, xm, x).
If m is odd, then κ(gx, (gx)m, gx) = −κ(x, xm, x) = ±1. Thus
π′m(gx)/π
′
m(x) =
{
πm(gx)/πm(x) if m ≡ 0(4) or m ≡ 1(4),
−πm(gx)/πm(x) if m ≡ 2(4) or m ≡ 3(4).
Furthermore, α′g and αg agree on CG(g)×CG(g) up to the coboundary
of λg defined by λg(x) = i if x 6∈ N and λg(x) = 1 if x ∈ N . Thus
αg-characters χ and α
′
g-characters χ
′ of CG(g) are in one-to-one corre-
spondence via χ′ = λgχ. Since g 6∈ N , the sum (6.2) is empty unless
m is even, in which case λg(x
−m) = 1. 
Remark 6.3. [5] contains a list of the higher Frobenius-Schur indicators
for the twisted doubles of groups of order eight. One can see in these
tables that replacing the three-cocycle by its product with a cocycle
inflated from a factor group of order two does indeed change the sign
of the indicators of degree congruent to two modulo four, and this for
eight of the simple objects; indeed of the five congruence classes in the
groups considered, two are not in the respective subgroup of index two,
and thus the four representations associated to each of the two classes
are affected.
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